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This work deals with the presence of thick branes in a model with two source scalar fields that
interact with one another in a very specific way. The model is new, capable of generating kinklike
configurations that engender important modifications in the energy density of the system, inducing
the presence of symmetric and asymmetric structures inside the brane.
1. Introduction. The braneworld scenario first pro-
posed in [1] in the form of a thin brane, was soon gener-
alised to describe thick branes in the presence of scalar
fields; see, e.g., Refs. [2–14] and references therein. In
the thick brane scenario the models deal with a five-
dimensional AdS warped geometry with a single extra
dimension of infinite extent in the presence of real scalar
fields as source fields to generate the brane. For a review
see Ref. [15].
Consistency of superstring theory [16] poses the issue
concerning the presence of extra dimensions. An interest-
ing possibility is the factorisation of the ten-dimensional
spacetime into an AdS5 × S5, a maximally symmetric
five-dimensional AdS spacetime factorised from the S5
spatial sphere. Inspection of the physical contents inside
the AdS5 geometry has led to the braneworld scenario
with a single extra spatial dimension, initially formulated
as a thin brane [1] and then as thick brane in the presence
of scalar fields, as in [2–4]. In the thick brane scenario,
the presence of source scalar fields that support kinklike
configurations capable of generating robust braneworld
solutions has increased the interest in the study of lo-
calized structures in the real line. In this sense, in the
present work we consider a model described by two real
scalar fields which are coupled in a very specific way, as
recently suggested in [17]. The model is different from
the Bloch brane model investigated before in Ref. [10],
where the scalar fields were described under the presence
of standard kinematics. In the present context, in the
work [17] the coupling between the two fields modified
the kinematics of one of them, and this allowed the pres-
ence of novel kinklike configurations, engendering inter-
esting internal structure. In the present work, we want
to understand how the new solutions may contribute to
change the braneworld configuration.
Technically, in the thick braneworld scenario one
supposes that the Universe evolves within the five-
dimensional warped AdS geometry that is controlled by
real scalar fields and the warp factor, which depend only
on the extra dimension of infinite extent. In this context,
basic issues are then raised, in particular, concerning the
robustness of gravity against small fluctuations of the
metric, the investigation of the Newtonian limit, the pos-
sibility to localize fermion, boson and gauge fields, and
the study of the cosmic evolution of the Universe in the
braneworld context. These and other related issues have
been studied in a diversity of contexts, and we remark
that some of the above questions will require further in-
vestigations related to the novel thick brane scenario to
be developed in this work. The aim of the present work,
however, is to provide a novel thick brane scenario which
is robust against fluctuations of the metric. Other issues
will be investigated elsewhere.
Among the several issues raised within the braneworld
context, some very interesting ones concern the phe-
nomenological view of the brane, as a possible way to
respond to the hierarchy problem in particle physics, as
introduced before in Refs. [18–20], the brane cosmology
[21–23] and the domain-wall/brane-cosmology correspon-
dence [24, 25]. Generically speaking, the hierarchy prob-
lem inquires why the masses of the elementary particles
are so much lighter than the Planck mass, and brane cos-
mology concerns the evolution of the Universe within the
braneworld scenario. We shall further comment on these
issues below, in particular on the cosmological behaviour
of a brane-universe, i.e., a three-dimensional space where
ordinary matter is confined in the higher dimensional
AdS5 spacetime.
To make the investigation pedagogical, we first deal
in Section 2 with the braneworld scenario on general
grounds, considering the two source scalar fields to
be driven by the Lagrange density suggested in [17].
We then move on and in Section 3 we investigate
four distinct models, in particular two models that
support kinklike solutions which unveil the presence of
branes with multiple internal structures, in which the
warp factor and energy density depend on the extra
dimension symmetrically or asymmetrically. In the
asymmetric case, the brane may connect asymptotic
AdS5 and Minkowski geometries, or two distinct AdS5
geometries. Interestingly, these possibilities only depend
on a single real parameter that controls the asymmetry
of the model. We end the work in Section 4, where we
summarise the main results and add comments capable
of fostering new investigation into the subject.
2. New braneworld scenario. Let us now investi-
gate scalar fields in the braneworld scenario with a single
extra dimension of infinite extent, described by the line
element
ds25 = e
2Aηµνdx
µdxν − dy2, (1)
where e2A is the warp factor, A = A(y) is the warp func-
tion, y is the extra dimension and ηµν = diag(+,−,−,−)
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2describes the four-dimensional Minkowski metric ten-
sor, with µ, ν = 0, 1, 2, 3. The five-dimensional metric
tensor is gab = diag(e
2A,−e2A,−e2A,−e2A,−1), with
a, b = 0, 1, 2, 3, 4. In the present study, we deal with
the action in the form
I =
∫
dx4dy
√
|g|
(
−1
4
R+ L
)
, (2)
where we are using natural units and 4piG5 = 1, for sim-
plicity. The Lagrangian density describes two real scalar
fields and is written as
L = 1
2
f(χ)∂aφ∂
aφ+
1
2
∂aχ∂
aχ− V (φ, χ). (3)
Here, φ and χ denote the scalar fields and f(χ) is in prin-
ciple an arbitrary function. Notice that the kinematical
term related to φ presents a factor controlled by the χ
field. A similar Lagrangian density was recently consid-
ered in Ref. [17] in the study of novel kinklike configura-
tions, that arise in (1, 1) spacetime dimensions, where the
χ field simulates, through the function f(χ), geometrical
constrictions that modifies the usual kink profile.
The variation of the previous action with respect to
the scalar fields and to the metric tensor leads us to the
equations
1√
g
∂a(
√
g f∂aφ) + Vφ = 0, (4a)
1√
g
∂a(
√
g ∂aχ)− 1
2
fχ ∂aφ∂
aφ+ Vχ = 0, (4b)
Gab − 2Tab = 0, (4c)
where Vφ = ∂V/∂φ, Vχ = ∂V/∂χ and fχ = ∂f/∂χ. In
Eq. (4c), Gab is the Einstein tensor and Tab represents the
energy-momentum tensor. We follow the usual route and
consider that the scalar fields are all static, depending
only on the extra dimension. In this case, Eqs. (4a) and
(4b) become
fφ′′ + (4A′f + fχχ′)φ′ − Vφ = 0, (5a)
χ′′ + 4A′χ′ − 1
2
fχφ
′2 − Vχ = 0, (5b)
where the prime represents derivative with respect to y,
i.e., φ′ = dφ/dy and χ′ = dχ/dy. Also, the non-vanishing
components of Einstein’s equations (4c) are
A′′ = −2
3
(
fφ′2 + χ′2
)
, (6a)
A′2 =
1
6
(
fφ′2 + χ′2
)− 1
3
V, (6b)
where A′ = dA/dy and A′′ = d2A/dy2.
As it is now standard in the study of braneworlds, here
it is of great interest to find first order equations that
solve the above Eqs. (5) and (6). We follow the lines of
Refs. [3, 26] and implement a first order formalism, which
arise for potentials with the form
V (φ, χ) =
1
2
W 2φ
f(χ)
+
1
2
W 2χ −
4
3
W 2, (7)
where W = W (φ, χ) is in principle an arbitrary function
of scalar fields. In this case, we obtain the following first
order differential equations
φ′ =
Wφ
f(χ)
, χ′ = Wχ, (8)
and
A′ = −2
3
W , (9)
which are compatible with the scalar field equations of
motion (5) and the Einstein’s equations (6). Notice that,
in principle, sinceW presents terms that mix φ and χ, the
equations (8) must be solved together as a system. How-
ever, a special case arises when W (φ, χ) = g(φ) + h(χ),
such that the first order equations in (8) become φ′ =
gφ/f(χ) and χ
′ = hχ. In this situation, the latter
equation can be solved independently. It was shown in
Ref. [17], in models with two scalar fields in (1, 1) dimen-
sions, that a similar mechanism may be able to simulate
geometrical constrictions on kinks, which may give rise to
kinks with multiple internal structures, and here we want
to investigate this possibility in the braneworld context,
in the case of warped five-dimensional geometries with a
single extra dimension of infinite extent.
In this model, the energy density can be calculated
standardly; it is given by
ρ(y) = e2A
(
1
2
f(χ)φ′2 +
1
2
χ′2 + V (φ, χ)
)
. (10)
With the use of the first order equations, it can be rewrit-
ten in the simple form
ρ(y) = (e2AW )′. (11)
The energy of this system is found by integration of the
above expression with respect to the extra dimension, so
we get that the energy of the brane associated with the
scalar fields is zero, for models described by W (φ, χ) that
behave adequately asymptotically, since the warp factor
exp(2A) has to vanish asymptotically, to ensure finiteness
of the energy of the braneworld configuration.
Stability
Before going on to investigate specific models, the us
now focus on the stability of the brane associated to the
model described by Eqs. (2) and (3). We deal with the
stability of the gravity sector, considering small pertur-
bations in the metric associated to the line element in
Eq. (1), in the form
ds2 = e2A(ηµν + hµν)dx
µdxν − dy2, (12)
with  as a very small parameter and hµν = hµν(x
µ, y).
We use transverse traceless gauge, hµν → h¯µν , to show
3that the metric fluctuation decouples from the fields [3],
leading to
(∂2y + 4A
′∂y − e−2A)h¯µν = 0, (13)
where  = ηµν∂µ∂ν and ∂y = ∂/∂y. Introducing
the z coordinate to make the metric become confor-
mally flat, with the choice dz = e−A(y)dy, and defining
h¯µν = e
ip·xe−3A(z)/2Hµν(z), the above equation becomes
(
− d
2
dz2
+ U(z)
)
Hµν(z) = p
2Hµν(z), (14)
where U(z) represents the stability potential, given by
U(z) =
9
4
A2z +
3
2
Azz . (15)
Here Az and Azz correspond to the first and second
derivative of the warp function with respect to the z
variable. We remark that the stability equation (14) is
a Schro¨dinger-like equation, and the stability is ensured
when Eq. (14) only admits non negative eigenvalues, i.e.,
p2 ≥ 0. One can show that Eq. (14) can be written in
the form
S†SHµν(z) = p2Hµν(z), (16)
with the operators S and S† given by
S =
d
dz
− 3
2
Az and S
† = − d
dz
− 3
2
Az. (17)
The above factorization shows that the stability equation
cannot support states with negative eigenvalues. Hence,
the brane is stable under small fluctuations of the metric.
3. Specific Models. To see how the general proce-
dure works for building thick brane solutions, let us now
illustrate it with several models, which we describe be-
low. Since we are considering W (φ, χ) = g(φ) + h(χ), in
this case the χ field can be investigated independently
and we then first choose
h(χ) = α
(
χ− χ
3
3
)
, (18)
where α is a real parameter. This choice shows that
the χ field works as a prototype of the Higgs field: it
engenders a double well potential of the χ4 type, and it
has the interesting standard behavior which was carefully
investigated before in Ref. [3] within the thick brane
scenario. The corresponding first order equation is solved
by
χ(y) = tanh(αy), (19)
which is well-understood in the thick brane context [3].
The main motivation here is to use a well-known model
for the field χ, to see how it may modify the behavior
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FIG. 1: From top to bottom, we depict the solutions φ(y)
and χ(y) for α = 1, the warp factor and the energy density
associated to model 1.
of the other field, φ, in the context of the model under
investigation in the present work.
We further notice that the first order equation for χ in
Eq. (8) also admits the uniform solutions χ¯± = ±1; thus,
when χ assumes one of these two values, the contribution
of χ for the model (3) disappears, if one further imposes
that f(χ = ±1) is a positive real constant, which can be
4absorbed by a scaling in the scalar field. We then see that
it is of interest here to choose the function g(φ) to still
provide a robust model of thick brane with a single real
scalar field. The above reasonings set the general guid-
ance for the construction of models, and we now move
on and turn attention to the specific models which we
introduce and investigate below.
Model 1
The first model is described by the function
g(φ) =
(
φ− φ
7
7
)
, (20)
and the choice
f(χ) = 3 3
√
χ2. (21)
We see that f(±1)=3, so it has the desired property, and
the derivative of g gives 1 − φ6, which also leads to a
double well potential with minima at φ¯± = ±1, and so
capable of supporting a thick brane configuration. In the
case with χ = tanh(αy), the first order equation for the
scalar field φ which is in (8) becomes
φ′ =
(1− φ6)
3 3
√
tanh2(αy)
. (22)
We take α = 1 and get the solution
φ(y) = 3
√
tanh(y), (23)
which can be seen in the top panel in Fig. 1. We notice
that the φ solution presents infinite derivative at the ori-
gin, which is a consequence of the f(χ) function fed by
the χ solution. Thus, our method allows us to modify
the derivative of the φ field that plays an important role
in the warp factor and energy density of the brane, as we
show below.
In order to calculate the warp function, we use Eq. (9),
which reads
A′ = −2
3
(
tanh
1
3 (y) + tanh(y)− 1
7
tanh
7
3 (y)
− 1
3
tanh3(y)
)
.
(24)
From the above equation, we can see that A′(0) = 0 and
A′′(0)→ −∞. This makes the warp function to develop
a sharp peak at the origin, a phenomenon which is simi-
lar to the behavior of the thin brane scenario proposed in
Ref. [1]. In this sense, the above model somehow simu-
lates a thin brane, even though we are considering topo-
logical structures that appear from the two field model
used to generate the brane, We were able to solve the
above equation and calculate the warp function analyt-
ically with the condition A(0) = 0. However, since the
full expression is very long, we omit it here. In the two
bottom panels of Fig. 1 we depict the warp factor and the
energy density of the model. Notice that, as we stated
before, at y = 0, the warp factor shows a sharp peak,
as in a thin brane, and the smooth behavior of a thick
brane outside the origin. This hybrid behavior is the
opposite of the one found in Ref. [27], where the brane
behaves as a thick brane inside a compact space around
the origin and as a thin brane outside the compact space.
Moreover, the total energy vanishes, as expected.
Model 2
The next model we investigate is described by
g(φ) =
(
φ− φ
3
3
)
, (25)
and
f(χ) =
1
χ2
, (26)
We notice that f(±1) = 1 and that g(φ) describes the
well-known φ4 model, which is also well-understood in
the thick brane context [3]. The motivation here is then
to grasp the importance of the function f(χ) to modify
the behavior of the braneworld solution in the thick brane
scenario. This model is also motivated by the one found
Ref. [17], which simulates the geometrical constrictions
that give rise to double kink profiles in the magnetization
of specific magnetic materials [28]. For the function given
above, the first order equation for the field φ which is
shown in Eq. (8) now becomes
φ′ = (1− φ2)χ2. (27)
This equation supports the kinklike solution
φ(y) = tanh(ξ(y)), (28)
with ξ(y) = y− tanh(αy)/α. Its profile is depicted in the
top panel of Fig. 2, which also shows the profile of the
field χ(y) = tanh(αy). Notice that, near the origin, the
φ kink shows a plateau whose width is controlled by α.
This occurs because, for y ≈ 0, we have φ ∝ α2y3; thus,
as α decreases, the plateaux gets wider.
The warp function is driven by Eq. (9), which now
reads
A′ = −2
3
(
tanh(ξ(y))− tanh
3(ξ(y))
3
+ α
(
tanh(αy)− tanh
3(αy)
3
))
.
(29)
We have not been able to find the warp function ana-
lytically for this model. So, we perform the calculations
numerically for some values of α. As before, we take
A(0) = 0. In the two bottom panels of Fig. 2 we display
5the warp factor and the energy density of the model. No-
tice that the warp factor gets wider as α decreases. In
the energy density, we see that α gives rise to an internal
structure, which appears for α ≤ αcrit ≈ 1/2. We re-
call that the presence of internal structure in branes was
studied previously in Ref. [11], but here we included a
parameter that can be used to control the internal struc-
ture of the brane. As we can see, as α gets smaller, the
internal structure gets larger. This is an issue of cur-
rent interest, since the internal structure modifies both
the warp factor and the energy density of the brane, so it
may change conformational aspects of the brane that can,
for instance, modify the Newtonian limit, the entrapment
of boson, fermion, and gauge fields [29–32], and the asso-
ciated cosmic evolution and/or the domain-wall/brane-
cosmology correspondence [22–25].
Model 3
The third model is described by the same g(φ) and
h(χ) of the previous model, but here we choose another
f(χ), of the form
fn(χ) =
1
cos2(npiχ)
, (30)
with n integer. We notice that the above function is
periodic; also, the cosine vanishes when its argument is
equal to kpi/2, with k being an odd integer. As shown
in Ref. [17], this feature creates several plateaux in the
kinklike solution, controlled by n. Here, we want to in-
vestigate its effect on the brane. Before doing that, how-
ever, we notice the uniform solutions χ¯± = ±1 lead to
fn(χ¯±) = 1, so the model reduces to the well-known
thick brane model studied before in [3], controlled by the
Higgs-like source field with the φ4 potential. Moreover,
when the χ field gets the kinklike form χ(y) = tanh(αy),
it may induce interesting modification on the φ field, and
also on the warp factor and energy density of the brane.
To see how this works, we consider the first order equa-
tion for φ, which now has the form
φ′ = (1− φ2) cos2(npi tanh2(αy)), (31)
which has the solution
φ(y) = tanh (η(y)), (32a)
η(y) =
y
2
+
1
4α
(
Ci(ξ+n (y))− Ci(ξ−n (y))
)
, (32b)
where Ci(x) is the cosine integral function and ξ±n (y) =
2npi(1 ± tanh(αy)). The above solution is depicted for
n = 2 and α = 1/2 and 1/4 in the top panel of Fig. 3,
together with the χ(y) which appears just below. Notice
that we now have a kinklike structure with 2n plateaux.
To calculate the warp function, one must use Eq. (9),
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FIG. 2: From top to bottom, we depict the solution φ(y),
the solution χ(y), the warp factor and the energy density
associated to model 2. We take α = 1/4, 1/2 and 1, with the
thickness of the lines increasing as α decreases.
which has the form
A′ = −2
3
(
tanh(η(y))− tanh
3(η(y))
3
+ α
(
tanh(αy)− tanh
3(αy)
3
))
.
(33)
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FIG. 3: From top to bottom, we depict with n = 2 and
α = 1/2 (thick line) and 1/4 (thin line), the solution φ(y),
the solution χ(y), the warp factor and the energy density
associated to model 3.
Unfortunately, we have not been able to find the analyti-
cal solution for A(y) in this model. We then perform the
calculations numerically with the condition A(0) = 0. In
the two bottom panels of Fig. 3 we depict the warp fac-
tor and the energy density, respectively, for n = 2 and
α = 1/2 and 1/4. Notice that, even though the warp
function is not significantly modified by the plateaux in
the solutions, one can see the energy density now gets
interesting internal structures. Furthermore, there is an
odd number of maxima in the energy density for finite y;
they are controlled by n, counted as 2n− 1.
In this symmetric braneworld model we have two pa-
rameters available, α, real, and n, integer. We believe
they can be used in several applications, for instance, in
the investigation of the Newtonian limit of gravity and
the entrapment of boson, fermion, and gauge fields in-
side the brane [29–32] and the associated cosmic evo-
lution and/or the domain-wall/brane-cosmology corre-
spondence [22–25].
Model 4
Let us now consider the model with the same h(χ)
defined in Eq. (18), the same g(φ) defined in Eq. (25)
and the same f(χ) defined in Eq. (30), but now with a
real parameter k added to W (φ, χ), changing it to the
new form
Wα,k(φ, χ) =
(
φ− φ
3
3
)
+ α
(
χ− χ
3
3
)
+ k. (34)
The addition of k is inspired in the recent work [33],
which develops the possibility of inducing asymmetric
behavior to the brane; see, e.g., Refs. [34–36] for other
related issues. In the present work, we want to investi-
gate how the parameter k works in the new model. We
first notice that the constant k does not change the equa-
tions of motion for both φ and χ, so they behave as in the
previous model. However, the warp function A = A(y)
feels the presence of k through the equation
A′ = −2
3
(
tanh(η(y))− tanh
3(η(y))
3
+ α
(
tanh(αy)− tanh
3(αy)
3
)
+ k
)
.
(35)
We solve this equation numerically: for n = 2 and
α = 1/2, and for k = 0.1 and 0.2 the results are shown in
Fig. 4. They clearly show that k induces an asymmetric
behavior to the brane, with the asymmetry being con-
trolled by k. The bigger the k, the larger the asymmetry.
Another issue related to the addition of k concerns
the presence of asymmetric five-dimensional cosmological
constants, as explored before in [33]. In the present case,
asymptotically we can define
Λ5± = −4
3
(k +Wα(φ±, χ±))2 (36)
where + and− are used to identify the asymptotic behav-
ior as the extra dimension y tends to ±∞. We consider
the case α = 1/2 to write
Λ5± = −4
3
(k ± 1)2, (37)
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FIG. 4: From top to bottom, we depict the warp factor and
the energy density associated to model 4, using n = 2, α =
1/2 and k = 0.1 (thick line) and 0.2 (thin line).
with k constrained to vary in the interval [-1,1] to avoid
breaking the brane model robustness [33]. In the case of
k = ±1, the brane lives inside asymptotically AdS5 and
Minkowski geometries. Also, for |k| ∈ (0, 1), the brane
connects two distinct AdS5 geometries.
In this asymmetric model we have three parameters:
α, real, n, integer, and k real. We believe they may be
used in applications such as the Newtonian limit, the en-
trapment of boson, fermion, and gauge fields [29–32], the
associated cosmic evolution, and the domain-wall/brane-
cosmology correspondence [22–25].
4. Conclusion. In this work we have studied the
modelling of branes in warped five-dimensional geome-
tries by two scalar fields coupled as in the Lagrange den-
sity in Eq. (3). We have calculated the equations of mo-
tion that describe our system and, also, we have shown
that the energy of the brane is null. Since the equations
of motion are of second order, to simplify the problem,
we have developed a first order formalism. In this frame-
work, the potential is required to have a specific form,
in which the coupling between the scalar fields appear.
The first order formalism shows that the brane is sta-
ble against small fluctuations of the metric in the gravity
sector of the brane.
In this context, we have explored a special case of the
first order equations, in which one field may be inves-
tigated independently, changing the first order equation
that describes the other field. We have then studied four
distinct models, the first one engendering a surprising
feature: the warp factor presents a sharp peak at the
origin, which remind us of the thin brane behavior, and
a smooth behavior outside the origin, as a usual thick
brane. This induces a divergence in the energy density,
at y = 0, but this divergence is integrable and the to-
tal energy is still zero. In the second model, we have
taken specific scalar field configurations that engender a
parameter which is useful to tune an internal structure
to the brane. In the third model, we have used the novel
kinklike configuration described before in Ref. [17] to
create a brane with multiple internal structures, in which
a parameter adjusts their distances to the center of the
brane. Finally, in the fourth model we added a constant,
which introduced an asymmetry to the brane, in addition
to the multiple internal structure already shown in the
third model. The asymmetry also changed the cosmo-
logical constant, giving rise to different scenarios, with
distinct asymptotic geometries.
An interesting perspective could be the addition of
boson, fermion and gauge fields, to see how the models
are able to localize those fields inside the brane; see,
e.g., Refs. [29–32] and references therein. Another
issue concerns the use of the models studied in the
present work to describe specific issues, such as the
domain-wall/brane-cosmology correspondence [24, 25],
black hole formation [37] and modified models in the
presence of Lagrange multiplier [38]. An issue of current
interest concerns the new braneworld scenario developed
in [38], and we are now investigating the possibility
to trade the second field χ of the model (3) by the
Lagrange multiplier of the formulation developed in
[38]. Another line of research related to modifica-
tions of the gravity sector of the braneworld model,
concerns changing R to F (R), or to the Born-Infeld
or Gauss-Bonnet or other generalized possibilities,
as the ones described for instance in Refs. [39–43].
Other issues concern the building of a Hamilton-Jacobi
description [44] for the braneworld model developed in
the present work and, in the case of the asymmetric
brane, the study of cosmic evolution, following the
lines of Refs. [45–47]. We are now investigating some
possibilities, hoping to report on them in the near future.
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